Abstract. The systole of a compact non simply connected Riemannian manifold is the smallest length of a non-contractible closed curve ; the systolic ratio is the quotient (systole) n /volume. Its supremum, over the set of all Riemannian metrics, is known to be finite for a large class of manifolds, including aspherical manifolds.
Introduction and main result
The systole of a compact non simply connected Riemannian manifold (M n , g) is the shortest length of a non contractible closed curve, we denote it by Sys(g). To get an homogeneous Riemannian invariant, we introduce the systolic ratio Sys(g) n Vol(g) . It is important to note that this invariant is well defined even if g is only continuous, i.e. a continuous section of the fiber bundle S 2 T * M of symmetric forms.
An isosystolic inequality on a manifold M is an inequality of the form Sys(g) n Vol(g) ≤ C
that holds for any Riemannian metric g on M . The smallest such constant C is called the systolic constant.
A systolic geodesic will be for us a closed curve, not homotopically trivial, whose length is equal to the systole.
In 1949, in an unpublished work, C. Loewner proved the following result. For any metric h on the torus T 2 we have sys 2 (T 2 , h) Area(T 2 , h) ≤ 2/ √ 3
Furthermore, the equality is achieved if and only if (T 2 , h) is isometric to a flat hexagonal torus.
In 1952, P.M. Pu proved an isosystolic inequality for the real projective plane (c.f. [Pu52] ). The extremal metric has constant curvature, too. In the same paper, he proved a variant of the isosystolic inequality for the Möbius bands with boundary, valid for each conformal class of any metric.
There exists a third case, solved by C. Bavard in [Bav86] , where the upper bound of the systolic ratio is known, and realized, this is the case of the Klein bottle. This time the extremal metric (for the isosystolic inequality) is singular, more precisely piecewise C ∞ (see [Bav86] and [Bav93] ). Furthermore, it has curvature equal to +1 where it is smooth.
In higher dimension, there exists non simply connected manifolds that do not satisfy any isosystolic inequality. The simplest example is S 2 × S 1 , or more generally the product of a simply connected manifolds by a non simply connected one. Making the volume of the simply connected factor tend to zero insures the explosion of the systolic ratio.
However a fundamental result of M. Gromov (cf. [Gro83] ), insures that essential manifolds satisfy an isosystolic inequality. A compact manifold M is essential if there exists a continuous map from M in a K(π, 1) (π = π 1 (M )) which sends the fundamental class to a non trivial one. The essential manifolds include notably aspherical manifolds and the real projective spaces.
In dimensions ≥ 3, hardly anything is known about metrics that realize the systolic constant (extremal metrics). It is not known for example, in the apparently simple cases of tori and real projective spaces, whether the metrics of constant curvature are extremal. A classical result in systolic geometry assures that if a metric is extremal, then the systolic geodesics cover the manifold.
In [El-La08] we proved with J. Lafontaine that flat metrics on Bieberbach non-orientable 3-manifolds are not extremal for the isosytolic inequality. A manifold is called Bieberbach if it carries a flat Riemannian metric. To prove this result, we showed that all flat Bieberbach nonorientable 3-manifolds are obtained by suspending a flat Klein bottle. Then we endowed the Klein bottle with the extremal metric discovered by Bavard in [Bav86] to contruct singular metrics on each type of these manifolds (after adjusting the parameters). These metrics are better than all the flat ones. On each one of the four types of these manifolds (see [Wol74] ), we denote this special metric by g 0 .
In this paper we prove the following result:
Theorem 1. The metric g 0 on each non-orientable Bieberbach 3-manifolds is optimal in its conformal class.
Such a property is not verified by any flat metric on these manifolds. We also show that this metric has other "beautiful" properties of recovering the manifold that make it a good candidate to realize the systolic constant.
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2. Flat non-orientable 3-manifolds and the singular metric g 0
Compact flat manifolds are quotients R n /Γ, where Γ is a discrete cocompact subgroup of affine isometries of R n acting freely. By the theorem of Bieberbach, Γ is an extension of a finite group G by a lattice Λ of R n . This lattice is the subgroup of the elements of Γ that are translations, we obtain then the following exact sequence:
The classification of flat manifolds of dimension 3 results of a direct method of classification of discrete, cocompact subgroups of Isom(R 3 ) operating freely. This classification is due to W. 
2.1. The Klein bottle. Flat Klein bottles are the quotient R 2 /Γ, where Γ generated by the screw motion (x, y) → (x + a 2 , −y) and the translation (x, y) → (x, y + b). Note that we can obtain a Klein bottle K by gluing two Mobius bands along their boundary.
The connected component of the identity in Isom(K) is formed of the horizontal translations
where α is modulo a. The quotient Isom(K)/Isom 0 (K) is isomorphic to the Klein group, the three non trivial elements of this quotient can be represented by (1) a reflection with respect to a vertical geodesic, which is also a symmetry with respect to a point on a horizontal short geodesic. We denote by S 1 such a transformation. (2) a symmetry with respect to a point on the common boundary of the two Mobius bands composing the Klein bottle. We denote by S 2 such a symmetry. (3) the reflection with respect of the common boundary, it is the transformation (after going to the quotient) (x, y) → (x, y + b/2). We denote by T this last transformation.
2.2. Flat 3-manifolds. Up to a diffeomorphism, there are four types of flat non-orientable 3-manifolds (see [Wol74] and [El-La08])
(1) Type B 1 : it is the quotient of K × R by the subgroup of isometries generated by
where α ∈ Z/πZ, and d ∈ R * + .
(2) Type B 2 : it is the quotient of K × R by the subgroup of isometries generated by
(3) Type B 3 : it is the quotient of K × R by the subgroup of isometries generated by
(4) Type B 4 : it is the quotient of K × R by the subgroup of isometries generated by
2.3. The singular metric g 0 . We begin by defining the singular extremal Klein bottle. We introduce on R 2 the Riemannian singular metric:
where ψ is a π/2-periodic function which coi ncides with cos v on the interval
Finally, to obtain the singular extremal Klein bottle, we take the quotient of R 2 endowed with the metric 1 by the subgroup generated by
We denote it by (K, b).
Remark 1. The singular Klein bottle (K, b) has the same group of isometries as a flat Klein bottle.
Remark 2. It is useful to note that the singular Klein bottle (K, b) satisfies the following properties:
• The systolic geodesic of any systolic class do cover (K, b). A systolic class is an element of the fundamental group that contains at least one systolic geodesic.
• Except on a set of null measure, there exists an infinite number of systolic geodesics going through each point of (K, b). Now we will define the singular metric g 0 on each of the four types (B i ) 1≤i≤4 . This metric has "a lot" of systolic geodesics as we will see later.
(1) (B 1 , g 0 ): we take the quotient of (K, b) × R by the subgroup generated by
For these values of α and d, we have, in addition to the family of geodesics in the surfaces z = constant, a T 2 family of systolic geodesics in the surfaces φ = 0 and φ = ±π/4. (2) (B 2 , g 0 ): we take the quotient of (K, b) × R by the subgroup generated by (p, t) → r α T (p) , t + d with α and d verifying
. For these values of α and d, there is, in addition to the systolic geodesics in the surfaces z = constant, a systolic geodesic going through every point of (B 2 , g 0 ) which is homotopic to the transformation (p, t) → r α T (p) , t + d .
(3) (B 3 , g 0 ): we take the quotient of (K, b) × R by the subgroup generated by (p, t)) → S 1 (p), t + π . This manifold has, in addition to the systolic geodesics in the surfaces z = constant, a T 2 family of systolic geodesics in the surfaces φ = 0. (4) (B 4 , g 0 ): we take the quotient of (K, b) × R by the subgroup generated by (p, t)) → S 2 (p), t + π . This manifold has, in addition to the systolic geodesics in the surfaces z = constant, a T 2 family of systolic geodesics in the surfaces φ = ±π/4.
Proof of the theorem
We introduce on R 3 the singular metric g = ψ(v)du 2 + dv 2 + dz 2 , where ψ is π/2-periodic and ψ(v) = cos(v) for −π/4 ≤ v ≤ π/4. The quotient of (R 3 , g) by the group of translations generated by u −→ u + π and v −→ v + π/2 is a singular 2-dimensional torus times R. We denote this Riemannian manifold by (T × R, g).
Now we take the quotient of (T × R, g) by the transformation (u, v, z) −→ (u, −v, z). The manifold we obtain is the product K b × R, where K b is the singular extremal Klein bottle.
In the following, we will prove the main result of this paper: "every metric constructed in [El-La08] on each of the four Bieberbach non-orientable manifolds of dimension 3 is extremal in its conformal class". This result shows that these metrics are potentially extremal in the class of all Riemannian metrics. We will use the following result of C. Bavard [Bav92] .
Let (M, g) be a compact essential Riemannian manifold of dimension n and let Γ be the space of the systolic curves of (M, g). For every Radon measure µ on Γ, we associate a measure * µ on M by setting for ϕ ∈ C 0 (M, R)
where ϕ(γ) = ϕ • γ(s)ds, ds is the arc length of γ with respect to g. Then we have
Theorem 2. ([Bav88],[Bav92] and [Gro83])
The Riemannian manifold (M, g) is minimal in its conformal class if and only if there exists a positive measure µ, of mass 1, on Γ such that
where dg is the volume measure of (M, g).
Remark 3. Actually we will only use the reciprocal of this theorem, this result was initiated by Jenkins in [Jenk57] .
3.1. The manifold K × S 1 . We endow the manifold K × S 1 with the metric g = ψ(v)du 2 + dv 2 + dz 2 , where ψ is defined as above. We now prove that this singular metric has the property to be optimal in its conformal class. We follow the strategy of C. Bavard in his paper ([Bav88] ).
We consider in the band {w = 0, −π/4 ≤ v ≤ π/4} the geodesic γ (0,0) a , (−π/4 ≤ a ≤ π/4), going through the points (−π/2, 0, 0), (0, a, 0) and (π/2, 0, 0). Then we consider its images γ θ,φ a by the isometries (u, v, w) −→ (u + θ, v, w + φ), and we put on the space Γ = {γ θ,φ a : −π/4 ≤ a ≤ π/4, θ ∈ R/πZ and φ ∈ R/dZ} the following mesure:
We will calculate * µ. We write γ θ,φ a (t) = (t + θ, v(t, a), φ), where v is a continuous function. Let ϕ be a continuous function of (K × S 1 , g): a) is an even function, we have
The change of variable y = v(t, a) has a Jacobian equal to ∂v ∂t (t, a) which is always positive when t ∈ [−π/2, 0]. Let k(y, a) = t and f (y, a) = ∂v ∂t (t, a), then we have
Now we do the change of variable x = k(y, a) + θ and φ = z whose Jacobian is equal to 1. We have
To calculate the function f (y, a), we will use the fact that the curves γ θ,φ a are geodesics. Let g be the metric induced by g on the hypersurface w = φ. Then g can be written in the form g(y)(dx 2 + dy 2 ) and the geodesics γ θ,φ a : −π/4 ≤ a ≤ π/4, θ ∈ R/πZ, will have to satisfy We put z = cos 2 (a) − 1/2 and t = cos 2 v − 1/2, then we get the equation
whose solution is
Finally, we find
We define the same way µ on the the family of systolic geodesics s(Γ) where s is the symmetry with respect to the surface v = ±π/4.
Now, a simple calculation shows that µ = h(a)da ⊗ dθ ⊗ dφ has mass equal to
Sys(g) when Sys(g) = π (l(S 1 ) ≥ π). The existence of this measure allows us to deduce that g is extremal in its conformal class.
Extremality of g for the manifolds of type
The manifolds (B i , g 0 ), 1 ≤ i ≤ 4 are the quotients of (K × S 1 , g) by a subgroup generated by (p, w) → (σ(p), v, z + d) where σ is an element of Isom(K)/Isom 0 (K) (c.f. 2.1) and the parameters are fixed as in 2.3, we also suppose that l(S 1 ) ≥ π.
For each one of the four types of manifolds (B i , g 0 ) we consider the space Γ of the systolic curves γ θ,φ a . We endow this space with the measure
where h is the function defined in the previous section. We can verify easily that it has mass equal to
Sys(g) and that * µ = dg Corollary 1. For each 1 ≤ i ≤ 4, the manifold (B i , g 0 ) is extremal in its conformal class.
Some useful remarks
Among flat tori of dimension 3, the hexagonal one is the best for the isosystolic inequality. It is the quotient of R 3 by the lattice that has a basis (a 1 , a 2 , a 3 ) such that (a i , a j ) = π/3 for i = j. We denote it by T hex . It is known that T hex and the real projective space of dimension 3 endowed with its metric of constant curvature (we denote it by (RP 3 , sph)), are very good candidates to realize the systolic constant of their topological manifold. Each one of these Riemannian manifolds satisfy the following properties (c.f. 2):
• The metric is optimal in its conformal class.
• The systolic geodesics of any systolic class of T hex (or (RP 3 , sph)) cover the manifold (c.f.
2).
Our result shows that the singular metrics (B 1 , g 0 ), (B 2 , g 0 ), (B 3 , g 0 ) and (B 4 , g 0 ) satisfy the first property. Furthermore, the manifold (B 2 , g 0 ) satisfies the second one (see 3. prop 2).
On the other hand (RP 3 , sph) and all the manifolds (B i , g 0 ) satisfy the following property: Except on a set of null measure, there exists an infinite number of systolic geodesics going through any point of the manifold. This property is not verified by the torus T hex : there exist exactly 6 systolic geodesics going through any point of T hex .
We think that as for T hex and (RP 3 , sph), the manifolds (B i , g 0 ) are very good candidates to realize the systolic constant because they have an abondance of systolic geodesics which satisfythe properties mentioned above. We also think that it would be fair if we give more importance to the manifolds (RP 3 , sph) and (B 2 , g 0 ) since they are the only ones to satify the remarkable property of being covered by the systolic geodesics of every systolic class. All this pushes us to make the following conjectures Conjecture 1. (Classical) The manifold (RP 3 , sph) is extremal for the isosystolic inequality.
Conjecture 2. The manifold (B 2 , g 0 ) is extremal for the isosystolic inequality.
